An analytical method is presented with allows to estimate the energy resolution of time-of-flight neutron spectrometers, as well as its partial contributions, over a dynamical range that extends from the elastic line to the accessible inelastic regions. Such a method, already successfully applied in the past to the TOSCA and HET neutron inelastic scattering spectrometers installed at the ISIS neutron spallation source [A M Gaspar, PhD Thesis, Universidade Tecnica de Lisboa, 2004], is here applied to the high resolution time-of-flight spectrometer TOFTOF, mainly dedicated to quasi-elastic neutron scattering studies and installed at the new neutron reactor FRM II. To make such calculations easily understandable, the principle of work of the TOFTOF instrument and of each of its components is explained in detail. A simply method that can be used to estimate the instrument intensity, i.e. of the number of neutrons arriving at the sample position per unit time, is also briefly outlined.
I. DESCRIPTION OF THE TOFTOF SPECTROMETER
The TOFTOF spectrometer [1, 2, 3, 4] is constituted by two time-of-flight sections, where advantage is taken from the fact that (unlike electromagnetic waves) neutrons with different energies travel at different velocities, and hence take different times to travel a fixed distance -L. The primary section consists of a set of disc choppers, whose rotation around an horizontal axis parallel to the direction of the neutron beam allows to obtain a pulsed monochromatic beam at the sample position, the energy of the neutrons incident on the sample being basically determined by the phase difference between the first and the last pairs of choppers, located L 0 =10 m apart. The secondary part of the spectrometer consists of an argon filled flight chamber forcing the scattered neutrons to travel a distance L 1 =4 m between the sample and the detectors and allowing for the determination of their energy by measuring the time they take to travel that distance.
FIG. 1: Schematic representation of TOFTOF spectrometer. Figure from [2] (adapted).

A. The neutrons seen by TOFTOF
The instrument is located in the neutron-guide hall of the FRM II reactor [5] receiving moderated neutrons from its liquid deuterium cold source (T=25K), through an S-shaped neutron guide (of cross-section 44×100 mm 2 and radius ρ=2000 m). The use of a curved S-shaped guide, which cuts-off neutrons of wavelengths smaller than 1.4Å, ensures that the chopper system will not be irradiated with neutrons too energetic to be fully absorbed by the necessarily thin gadolinium coating of the choppers [6] . Because of that and of the aluminium windows the neutron beam must cross, the Maxwellian distribution defining the neutron flux per unit wavelength appears slightly distorted [7] .
B. The chopper system
The chopper system is composed in total by seven carbon fiber composite chopper discs of diameter 600 mm, which can rotate at speeds ranging from 3000 up to 27000 rpm (50 -450Hz). Each of these chopper discs contains one or several slits, through which neutrons will be able to pass, whereas neutrons hitting the other parts of the chopper discs will be absorbed.
The first two chopper discs form a counter-rotating (CR) pair, responsible for pulsing the incident beam, while the last two (also forming a CR pair of chopper discs) will monochromatize the neutron pulses, by choosing a specific time delay of their opening time with regards to the opening time of the pulsing pair of choppers. The main advantage of the use of a CR pair of choppers is that of allowing for a doubling of the transmitted intensity for the same opening time, when compared to single choppers (since, given the doubling of the relative speed of the slits, the CR choopers slit width may be the double of that of a single chopper) [8, 9] . The time FWHH of the transmission function of the counter-rotating pair of choppers may be approximately expressed by
where b represents the choppers slit width, f the choppers frequency of rotation and D the choppers diameter. Both the pulsing and the monochromating pairs of choppers contain four slits located at 90
• as displayed in figure  4 . Of the neutron pulses produced by passing through each of these two pairs of opposite slits only the ones created by one of them (either the larger or the smaller ones) are allowed to proceed to the sample, by means of the use of two other chopper discs located after the pulsing pair of choppers and before the monochromating pair of choppers. These two choppers also guarantee the uniqueness of the energy to be selected by the monochromatoring pair of choppers (and for that reason are called Order Removal choppers).
Finally, a seventh chopper, located in between the order removal choppers defines the so-called frameoverlap ratio, i.e., the portion of pulses generated by the first pair of choppers that are allowed to proceed to the last pair of choppers, and hence to the sample (1, 1/2, 1/3, 1/4, ....), by spinning at a speed that is a fraction of the speed of the other choppers. This last chopper is then the chopper that defines the repetition rate of the neutron pulses impinging on the sample and hence the maximum time window for analyzing the scattering of neutrons from one pulse, as a function of time-of-flight (hence of energy transfer), before the scattering from another pulse comes into play.
For instance, choppers spinning at 15000 rpm generate 500 neutron pulses per second, the time separating two neutron pulses being therefore 2 ms. Assuming that this time window of observation is centered around the elastic line, if using incident neutrons of 5 meV (λ=4Å), one would only be able to obtain the spectrum of the neutrons scattered with energies between 3.2meV and 8.7 meV (hence corresponding to the range from -3.7023 to +1.7 meV in energy transfer). If, however, one would increase the time of observation to 6 ms by choosing a frameoverlap ratio equal to 3 (and hence disregarding every two out of three neutrons), one would already be able to count the neutrons 1 The time uncertainties, are in practice commonly defined by the full width at half-height (FWHH) of the time distributions. A generally used method, which was also applied in the analysis here presented, is to approximate the distributions to Gaussians with the same root mean square deviation. In this case, the FWHH can be obtained analytically and is simply given by ∆t = 8ln(2) σt. Gaussians have the useful property that they may be convoluted simply by taking the root of the sums of the squares of their widths ( σt = σ 2 t1 + σ 2 t2 + ...), which avoids the need to perform the convolution integrals and gives very similar final results. In the case of a triangular distribution as the one expected to be the transmission function of the rotating choppers, one has σ = F W HM / √ 6 and hence the FWHM of the equivalent Gaussian coincides with the FWHM of the transmission function since 8 ln 2/6 1. Imperfections in the collimators that define the slit width, the non-infinitesimal distance between the two counterrotating choppers and the finite transmission of neutrons through the absorbing layers tend to make the actual transmission functions assume a more Gaussian shape. In some situations, the root mean square deviation of the real transmission function was found to be better expressed by σ = F W HH/2 √ ln 2 [10] , in which case, the gaussian equivalent would be F W HM Gauss √ 2F W HM trans. Previous ray-tracing simulations also seem to indicate this to be the case at TOFTOF instrument [3] , which was then taken into account in the resolution calculations here presented. scattered with energies between 1.65 meV and 69 meV (hence from -64 meV to +3.35 meV in energy transfer), at the expense of a loss in the elastic line intensity by a factor three.
Though this needs not necessarily to be the case, in most time-of-flight experiments the time window of acquisition is not set to be centered at the elastic line, but instead to start when the neutron pulse impinges on the sample, in which case the scattered neutron energies covered extend from very high energies (∞) to a minimum energy value defined by the time window size (which, in this case, would correspond to the maximum neutron time-of-flight to be measured). In this situation, a generally followed rule of the thumb is that of considering this maximum time-of-flight to be given by [11] t max = 1.5
where t 1 el represents the time an elastically scattered neutron (of wavelength λ i ) takes to travel from the sample to the detector positions (separated by the distance L 1 ). Hence, in these cases, the frameoverlap ratio is determined by the speed of rotation of the chopper system and the wavelength of the neutron pulses incident on the sample, as the minimum integer satisfying the condition: 
C. The detector system
TOFTOF's secondary spectrometer contains at the moment a total 605 He 3 cylindrical gas detectors, 522 mm long and of 25 mm diameter, squashed to have an almost rectangular section of 15 × 30 mm (figure 4) [12] .
They are distributed over eight detector racks covering scattering angles between 7
• and 140
• (along the equatorial plane and the planes corresponding of a vertical component of the scattering angle of -7.8
• , 7.8
• and 15.6
• -recall figure 1), and oriented so as to be tangential to surface of a sphere of radius 4.000 m centered at the sample position and to Debye-Sherrer circles that, in that sphere cover the scattering angles mentioned above.
FIG. 4: Photograph of squashed detectors (from [12]).
There are detector performance parameters, such as the detector efficiency or the detector effective thickness , which depend on the energy of the detected neutrons. This results from the fact that that neutrons are detected via absorption in the gas medium of the detector and that the absorption cross-sections vary linearly with the neutron wavelength in the wavelength range of interest, as shown in figure 5 . So, unless all the neutrons to be detected have the same energy, the dependence of these parameters has to be properly accounted for, during instrumental performance analysis and data handling.
The neutron flux across a layer at a given depth x from the surface of a slab detector is given by:
where n 0 represents the incident neutron flux and N is the density of absorbing atoms with neutron absorption cross-section σ a (E) = σ 0 λ (see figure 5 ).
The absorption efficiency of a detector, defined by the fraction of neutrons entering the detector, which are actually absorbed by the detector material, is then, in the case of a slab detector of thickness d, given by:
with η depending on the wavelength of the detected neutrons through the wavelength dependence of the absorption cross-section of the detector material. The detection efficiency is generally defined by the product of this quantity with another one, generally designated as neutron sensitivity. The latter represents the fraction of absorption events that result in an electric pulse from the detector. In the case of gas detectors, the neutron sensitivity is normally very close to unity, for a proper set up of the detector voltage and discriminator. From equation (5) one can see that the efficiency value can be improved either by increasing the absorbers density or by increasing the detector thickness. Because of the first, gas detectors usually contain gas under pressure. For instance, the TOFTOF detectors are operated at 10 atm. As for the detector thickness parameter, whereever the time-of-flight technique is used, it affects also the instrument resolution, so any increase in detector thickness must be carefully evaluated.
The average detection positionx and an estimation of its uncertainty ∆x (usually referred as effective thickness, can be obtained from the centroid and root mean square value of the n(x) distribution, respectively. In the case of a slab detector of thickness d, the integrals:
T i m e u n c e r t a i n t y d u e t o t h i c k n e s s -
W a w e l e n g t h ( A ) E f f e c t i v e t h i c k n e s s - and σa = 3000 × 10 −24 λ cm 2 , for λ inÅ).
can be solved analytically 2 and hencex and ∆x are expressed by:
2 In the case of a detector with a circular cross section in the plane of the neutron beam, each slice of the circle at a distance z from the center will have a different thickness given by d(z) = 2 √ R 2 − z 2 . In this case, expressions for the detector parameters can be obtained by proper averaging over z. The detection efficiency is therefore given by:
where u = z/R and the integral can only be evaluated numerically. Similarly, average detection position and effective thickness can be obtained numerically from:
Nonetheless, since the TOFTOF detectors are squashed detectors, they are here assumed to the well described as detectors of rectangular shape.
with
The repercussion of the absorption cross-section dependence on the neutron wavelength on the η,x and ∆x functions of TOFTOF detectors is shown in figure 6 , together with the corresponding time-uncertainty, which represents the detector contribution to the total neutron pulse spread:
where h stands for the Planck constant and m for the neutron mass.
An also important property of a detection system is its dead-time. This designates the maximum interval of time separating two absorption events that cannot be distinguished by the detector. In some cases the limiting time may be set by the processes in the detector itself, and in other cases the limit may arise in the associated electronics. In the case of the gas proportional counters it is mainly determined by the time involved in the drift of the electrons from a neutron absorption site to the anode. Hence, in these detectors, dead-time depends essentially on the counter cathode and anode diameters and on the chosen anode voltage [14, chap.4] . Typical values are of ∼1 -2 µs.
II. TIME-OF-FLIGHT, ENERGY TRANSFER AND MOMENTUM TRANSFER
As already mentioned, at time-of-flight spectrometers, as TOFTOF, neutrons are counted as a function of their total flight time and conversion of this time scale to an energy transfer scale is later performed.
The total neutron flight time may be simply expressed by:
where
and E f represent the incident and scattered neutron flight times, flight path lengths, velocities and energies, respectively. On the other hand, energy conservation law gives:
for E representing the energy transfered to the scattering system during the scattering process (or, by other words, the neutron energy loss). Since on TOFTOF spectrometer the incident energy is fixed by the chopper system, the scattered neutron energy can be substituted in equation (10) by E f = E i − E, giving the time-of-flight to energy transfer conversion expression:
Apart from the energy transfer, the neutron also transfers momentum to the sample, whose amplitude Q, can be calculated from the conservation law of momentum and the cosine rule:
2θ being the scattering angle. This equation, together with the conservation law of energy determines the trajectories of a given measurement in the (Q, E) space. Figure 7 represents the dependence of these trajectories on 2θ and λ i while, for the particular case to the elastic line, figure 8 represents some of the trajectories corresponding to the same value of Q in 2θ vs λ i space. 
III. INSTRUMENT RESOLUTION
The distances and instants of time relevant for the evaluation of TOFTOF's resolution function are: L 0 = 10.0 m, the distance between the pulsing and monochromating pairs of choppers, L 2 = 1.4 m, the distance between the monochromating choppers and the sample position, L 1 =4 m, the distance from the sample position to the detectors positions, t p , the instant of departure of the neutron pulse from the pulsing pair of choppers, and t m , t s and t d , the instants of arrival of the pulse at the monochromating pair of choppers, sample and detector positions, respectively.
The arrival time t s of the pulse at the sample may then be expressed in terms of the pior instants of time and distances as
After the scattering process the neutrons travel a distance L 1 = 4.0 m, from the sample to the detector, the scattered neutron energy being determined by its flight-time t f = t d − t s . Expression (12) can then be re-written as:
and the uncertainty ∆E can be obtained within a reasonable approximation from
where ∆t x represents the uncertainties associated with each of the time instants. Hence, one obtains 3 :
with E f = E i −E. The uncertainties ∆t p and ∆t m are given by the opening times of the pulsing and monochromating pairs of choppers and ∆t d is obtained from the convolution of all the time uncertainties associated with the performance of the detectors (dead-times, uncertainty in detection position) with the uncertainties in the scattered neutrons flightpath. Here, ∆t d was considered to be given by the convolution of a detection dead-time of 1µs with the timeuncertainty associated with the uncertainty in detection depth (expression (9)) and the time uncertainties resultant from the other two coordinates representing the detection position (due to the effective length and diameter of the detectors) 4 . Expression (17) can be written in a more intuitive way as:
where ∆t is given by:
In figure 9 , the uncertainty ∆E associated with each value of the neutron energy transfer E is represented for some particular choices of neutron chopper velocity and incident energy, together with the corresponding resolution function ∆E/E. For one set of parameters (λ= 4Å, choppers speed 20000 rpm, large slits for both monochromating and pulsing pairs of choppers) the individual contributions are also displayed.One can seen that the major contributor to the instrument resolution is the monochromating CR pair of choppers. The contribution from the pulsing pair of choppers only dominates in the region of neutrons energy loss. The contribution of the secondary part of the spectrometer is generally smaller than that of the primary part of the spectrometer (when using large slits), except for situations of both high wavelengths and high chopper speeds, in the region around the elastic line.
The use of the smaller slits at the pulsing and monochromating pairs of choppers, would reduce the contribution of the primary part of the spectrometer to half its value while keeping constant the contribution from the secondary part of the spectrometer. It should be noted, however, that an almost equal resolution improvement can be obtained (at the elastic line and over the entire energy gain region) by keeping the large slits in use at the pulsing pair of choppers and only changing for the smaller slits at the monochromating pair of choppers.
Specifically with regards to the expected FWHM of the elastic line, the results are summarized in figure 10 and 11, once again for the option of using the largest chopper slits. In Figure 10 the dependence of the resolution at the elastic line, and its partial contributions, on both the wavelength and the choppers speed is presented. One can observe the increasing importance of the contribution from the secondary part of the spectrometer to the resolution at the elastic line, as both wavelength and choppers speed increase. In Figure 11 some of the isoresolution curves in choppers speed vs wavelength space are represented. 3 Note that this expression is equivalent to that presented R E Lechner [11] . 4 These quantities may be estimated from:
where E f = E − E i , x represents either the effective length (400 mm) of the effective width of the detector (30 mm), and L 1 = 4 m. In the calculations presented the uncertainty due to the finite detector width was disregarded and only the uncertainty due to the detector length was considered, since the former was one order of magnitude smaller than the latter.
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(QHUJ\ WUDQVIHU PH9 It will be interesting to extensively compare the results of these predictions with experimental values, obtained from the determination of the FWHM of the elastic incoherent scattering peak of a vanadium sample. Preliminary results, based on the limited experimental data available up to now, indicate an excellent agreement. In any case it should be noted that discrepancies of the order of 10% between the values calculated here and those determined experimentally are to be expected, given the approximations involved in the calculations. Another aspect that should be taken into account, when determining the resolution function corresponding to a specific measurement, is the sample dimensions, since they introduce uncertainties in the neutron flight-path. The corresponding time-spread will depend not only on the sample geometry, but also on the incident and scattered neutron energies, as well as on the scattering angle (2θ). For a rectangular sample of width 2c in the scattering plane and thickness 2a, it will be given by: (figure 12):
c being typically a couple of centimeters, because of the neutron beam dimensions, and a being usually set to a value such that the multiple scattering contribution to the signal detected can be neglected (typically varying from some tenths of millimeter to some millimeters). On TOFTOF spectrometer, a sample with the geometry and dimensions mentioned above contributes to worsen the instrument resolution, at the elastic line, by at most 1% of the neutron incident energy. This is not the case, however, for samples of cylindrical geometry for which an angle dependent resolution worsening is introduced, which may be particularly significant at high angles.
IV. INSTRUMENT INTENSITY
The intensity of an experiment is generally defined by the number of neutrons arriving at the sample position per unit time.
At TOFTOF, this quantity can be obtained multiplying the total number of neutrons transmitted through the chopper system with each pulse by the number of pulses per second arriving at the sample position n p . The latter quantity is simply determined by the choppers speed and the frameoverlap ratio through
with R representing the frameoverlap ratio chosen. The number of neutrons per unit wavelength transmitted each time a pulse is generated by the pulsing pair of choppers will be proportional to the neutron flux per unit wavelength arriving at their entrance, dφ/dλ i (in n/cm 2 /Å/s), multiplied by the area of the choppers slits and by the choppers opening time ∆t p . The number of neutrons per pulse further transmitted by the monochromating pair of chopper will be then proportional to the ratio of the area of the choppers slits to the area of the neutron guide at their entrance 5 , multiplied by the wavelength band selected during the choppers opening time ∆λ i = h mL0 ∆t m . One may then write the following proportionality relation:
where ∆t m and ∆t p are given by expression (1) and b p and b m represent the widths of the pulsing and the monochromating chopper slits. Note also that, for purposes of clarity, the dependence of the instrument intensity on the quantities that are fixed at TOFTOF, such as L 0 , the heights of the chopper slits or the neutron guide dimensions, was not explicitly included in the expression above.
Further substitution of expressions (1) and (22) in expression (23), gives
which expresses the instrument intensity dependence on the changeable instrument parameters, specifically, the widths of the pulsing and monochromating choppers slits b p and b m , the choppers system speed f , the wavelength chosen for the incident beam (through dφ/dλ i ) and the frame overlap ratio chosen R. Figure 13 represents some of the isointensity curves in wavelength versus choppers speed space, as calculated considering the regions of different frameoverlap ratio defined by expression (3) and the use of the larger slits in both pulsing and monochromating pairs of choppers. Note however that the numerical values displayed result from rough estimations (made on grounds not here discussed: the proportionality constant in expression (24)) and hence should be regarded as simply allowing to better understand the dependencies of the instrument intensity on the relevant instrument parameters, i.e. the wavelength of the incident neutrons, the choppers speed of rotation and the frame overlap ratio.
Note also that the secondary part of the spectrometer was not taken into account This was because the number of neutrons per second detected at the instrument detectors will depend on the sample being used, while the number of neutrons arriving at the sample position per unit time is uniquely determined by instrument parameters. In addition, integration of the secondary part of the spectrometer necessarily introduces an additional degree of freedom, the scattered neutrons energy. Nevertheless, for the purposes of the evaluating of the statistical differences between acquisitions performed under different conditions at the same instrument, one should at least include the differences in the detectors efficiency for neutrons of different energies. Also when a comparison of the performance of two instruments is intended, it would probably be more adequate evaluating integrated intensity of the elastic line, detected at each of the instruments, with the same sample and for the same incident wavelength and resolution configuration. This would take into account not only the primary part of the spectrometers but also the secondary part of the spectrometers, namely the detector angular coverage. 
Final Note
To the advantage of the interested reader, the reference list of this manuscript is here extended to include additional documentation that, being related to the topics treated, was not explicitly cited in the text above [15, 16, 17, 18, 19, 20, 21] .
